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Abstract. Linear codes with few weights have many applications in secret sharing schemes,
authentication codes, communication and strongly regular graphs. In this paper, we consider
linear codes with three weights in arbitrary characteristic. To do this, we generalize the recent
contribution of Mesnager given in [Cryptography and Communications 9(1), 71-84, 2017]. We
first present a new class of binary linear codes with three weights from plateaued Boolean func-
tions and their weight distributions. We next introduce the notion of (weakly) regular plateaued
functions in odd characteristic p and give concrete examples of these functions. Moreover, we
construct a new class of three-weight linear p-ary codes from weakly regular plateaued functions
and determine their weight distributions. We finally analyse the constructed linear codes for
secret sharing schemes.
Keywords: Binary codes, linear codes, p-ary codes, p-ary functions, secret sharing schemes,
weakly regular plateaued, weight distribution.
1 Introduction
Error correcting codes have many applications in communication systems, data stor-
age devices and consumer electronics. The construction of linear codes with few weights
has been widely studied (see, e.g., [3,4,10,12,14,16]) since these codes have many ap-
plications in consumer electronics, secret sharing schemes, authentication codes, com-
munication, data storage system, association schemes, and strongly regular graphs.
Recently, in [2], Ding has published a valuable survey on the construction of binary
linear codes from Boolean functions. The notion of plateaued Boolean functions, as
an extension of the notion of bent Boolean functions, has been introduced in [15] by
Zheng and Zhang (1999), and then generalized to arbitrary characteristic: the so-called
p-ary plateaued functions from Fpn to Fp (see, e.g., [11]). Several researchers have stud-
ied plateaued functions since they have many applications in cryptography, sequence
theory and coding theory. In particular, p-ary bent functions (mostly, quadratic and
weakly regular bent functions) have been used in coding theory to construct linear
codes with few weights. Very recently, Mesnager [10] has constructed a new family of
three-weight linear codes from weakly regular bent functions in arbitrary characteristic
based on a generic construction. Within this framework, the aim of this paper is to
construct a class of linear codes with few weights from weakly regular plateaued func-
tions in arbitrary characteristic and determine their weight distributions.
⋆ The Extended Abstract of this work was submitted to WCC-2017 (the Tenth International Workshop on
Coding and Cryptography).
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The paper is structured as follows. Section 2 sets the main notations and recalls some
basic results in coding theory and number theory. In Section 3, we introduce the notion
of (weakly) regular plateaued functions in odd characteristic p. We then give concrete
examples to show the existence of (weakly) regular plateaued p-ary functions. Section
4 constructs a new class of three-weight linear p-ary (resp. binary) codes from weakly
regular p-ary plateaued (resp. plateaued Boolean) functions based on a generic con-
struction. We also determine the weight distributions of the constructed linear codes
in this paper. Finally, in Section 5, we observe that all nonzero codewords of the con-
structed linear codes are minimal for almost all cases.
2 Preliminaries
In this section, we set main notations and give some basic results on p-ary functions,
coding theory and number theory, which will be used in the sequel.
For any set E, #E denotes the cardinality of E and E⋆ = E \ {0}. Given a complex
number z ∈ C, |z| denotes the absolute value of z, where C is the field of complex
numbers. Let Fpm be the finite field with p
m elements, where p is a prime and m ≥ 1
is a positive integer. Then, F⋆pm = 〈ζ〉 is a multiplicative cyclic group of order pm − 1
with generator ζ , and Fp is the prime field of Fpm. The extension field Fpm can be seen
as an m-dimensional vector space over Fp, denoted by F
m
p . The absolute trace function
Trp
m
p : Fpm → Fp is defined as Trp
m
p (x) :=
∑m−1
i=0 x
pi. Recall that Trp
m
p is Fp-linear.
Given a function f : Fpm −→ Fp, the direct and inverse Walsh transform of f are
defined, respectively, by:
χ̂f (b) =
∑
x∈Fpm
ξp
f(x)−Trp
m
p (bx) and
ξf(x)p =
1
pm
∑
b∈Fpm
χ̂f(b)ξ
Trp
m
p (bx)
p , (1)
where ξp = e
2π
√
−1
p is a primitive p-th root of unity. The set {b ∈ Fpm : χ̂f(b) 6= 0} is
called the Walsh support of f , and is denoted by Supp (χ̂f). For a nonnegative integer
i, the moment of Walsh transform of f is defined by Si(f) =
∑
b∈Fpm
|χ̂f(b)|2i with the
convention S0(f) = p
m, and S1(f) = p
2m is known as the Parseval identity. Recall that
f is said to be balanced over Fp if #{x ∈ Fnp : f(x) = k} = pm−1 for each k ∈ Fp, i.e.,
f takes every value of Fp the same number p
m−1 times; otherwise, it is called unbalanced.
Basic background in number theory.We now recall the basic facts of the Legendre
symbol and cyclotomic field. Let a be a positive integer and p be an odd prime. We
say that a is a quadratic residue modulo p if
√
a ∈ F⋆p, and a is a quadratic non-residue
modulo p if
√
a /∈ F⋆p. The Legendre symbol is defined as
(
a
p
)
:=

0 if p | a,
1 if a is a quadratic residue modulo p,
−1 if a is a quadratic non-residue modulo p.
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The Legendre symbol satisfies
(
a
p
)
≡ a p−12 (mod p), and
(−1
p
)
≡ (−1) p−12 (mod p) =
{
1 if p ≡ 1 (mod 4),
−1 if p ≡ 3 (mod 4). (2)
Throughout this paper, p∗ denotes
(
−1
p
)
p,
(
a
p
)
denotes the Legendre symbol for
a ∈ F⋆p, Z is the rational integer ring and Q is the rational field. The ring of integers in
Q(ξp) is OK := Z(ξp). An integral basis of OQ(ξp) is the set {ξip | 1 ≤ i ≤ p − 1}. The
Galois field extension Q(ξp)/Q of degree p−1 is the Galois group Gal(Q(ξp)/Q) = {σa |
a ∈ (Z/pZ)⋆}, where the automorphism σa of Q(ξp) is defined by σa(ξp) = ξap . The field
Q(ξp) has a unique quadratic subfield Q(
√
p∗). For a ∈ F⋆p, we have σa(
√
p∗) =
(
a
p
)√
p∗.
Hence, the Galois group Gal(Q(
√
p∗)/Q = {1, σγ} for any γ ∈ Fp such that √γ /∈ F⋆p.
The reader is referred to [13] for further reading on cyclotomic fields.
Basic background in coding theory. Let q be a prime power and n be a positive
integer. The support of a vector a˜ = (a0, . . . , an−1) ∈ Fnq is defined as supp(a˜) := {0 ≤
i ≤ n−1 : ai 6= 0}. The Hamming weight of a˜ ∈ Fnq , denoted by wt(a˜), is the cardinality
of its support, i.e., wt(a˜) := #supp(a˜). A linear [n, k]q code C over Fq is a k-dimensional
subspace of Fnq . A linear [n, k, d]q code C over Fq is a k-dimensional subspace of Fnq with
minimum Hamming distance d. The dual code of C is the linear code with parameters
[n, n− k, d⊥]q defined by
C⊥ = {b˜ ∈ Fnq : b˜ · a˜ = 0˜ for all a˜ ∈ C},
where “ · ” is an inner product in Fnq . Let Aw denote the number of codewords with
Hamming weight w in C of length n. Then, (1, A1, . . . , An) is the weight distribution of
C and the polynomial 1 + A1y + · · ·+ Anyn is called the weight enumerator of C. The
code C is called a t-weight code if the number of nonzero Aw in the weight distribution
is t. For further reading on coding theory, we send the reader to [7].
3 On (weakly) regular plateaued p-ary functions
In this section, we introduce the notion of (weakly) regular plateaued functions in
odd characteristic p and give some properties of these functions. We first recall the
notion of plateaued functions.
Let f : Fpm −→ Fp be a function. A p-ary function f is called bent if all of its Walsh
transform coefficients satisfy |χ̂f(b)|2 = pm, and r-plateaued if all of its Walsh transform
coefficients satisfy |χ̂f(b)|2 ∈ {0, pm+r}, where r is an integer with 0 ≤ r ≤ m. We point
out that a 0-plateaued function is bent. In characteristic 2, it is safe to say that f is
r-plateaued Boolean function if χ̂f(b) ∈ {0,±2(m+r)/2} for all b ∈ F2m . By the Parseval
identity, we have (see, e.g., [11]):
Lemma 1. Let p be any prime and f : Fpm → Fp be r-plateaued. Then for b ∈ Fpm,
|χ̂f(b)|2 takes pm−r times the value pm+r and pm − pm−r times the value 0.
4 Mesnager, O¨zbudak, Sınak
Lemma 2. Let f : F2m → F2 be a r-plateaued Boolean function. Then for b ∈ F2m,
the Walsh distribution of f is given by
χ̂f(b) =

2
m+r
2 , 2m−r−1 + 2
m−r−2
2 times,
0, 2m − 2m−r times,
−2m+r2 , 2m−r−1 − 2m−r−22 times.
We recall the notion of (weakly) regular bent functions in odd characteristic p (see,
e.g., [6]). For an odd prime p, the Walsh transform coefficients of a p-ary bent function
f satisfy
χ̂f (b) =
{
±pm2 ξf⋆(b)p , if m is even or m is odd and p ≡ 1 (mod 4),
±ipm2 ξf⋆(b)p , if m is odd and p ≡ 3 (mod 4),
where i is a complex primitive 4-th root of unity and f ∗ is called the dual of f . A bent
function f is called regular if for all b ∈ Fpm, χ̂f (b) = pm2 ξf
∗(b)
p , and weakly regular if
there exists a complex number u having unit magnitude (in fact, |u| = 1 and u does
not depend on b) such that χ̂f(b) = up
m
2 ξ
f∗(b)
p for all b ∈ Fpm , where f ∗ is the dual of
f ; otherwise, f is called non-weakly regular.
Very recently, Hyun et al. [8] have proved that the Walsh transform coefficients of a
p-ary r-plateaued function f satisfy
χ̂f(b) =
{
±pm+r2 ξg(b)p , 0 if m+ r is even or m+ r is odd and p ≡ 1 (mod 4),
±ipm+r2 ξg(b)p , 0 if m+ r is odd and p ≡ 3 (mod 4),
(3)
where i is a complex primitive 4-th root of unity and g is a p-ary function over Fpm with
g(b) = 0 for b /∈ Supp(χ̂f). Notice that by definition of g : Fpm → Fp, it can be regarded
as a mapping from Supp(χ̂f) to Fp since we have g(b) = 0 for all b /∈ Supp(χ̂f).
The notion of weak regularity is meaningful for plateaued functions. We now introduce
the notion of (weakly) regular plateaued functions, which covers a non-trivial subclass
of the class of plateaued functions.
Definition 1. Let p be an odd prime and f : Fpm → Fp be a p-ary r-plateaued function,
where r is an integer with 0 ≤ r ≤ m. Then, f is called regular p-ary r-plateaued if
χ̂f (b) ∈ {0, pm+r2 ξg(b)p } for all b ∈ Fpm, where g is a p-ary function over Fpm with
g(b) = 0 for all b /∈ Supp(χ̂f). Moreover, f is called weakly regular p-ary r-plateaued
if there exists a complex number u having unit magnitude (that is, |u| = 1 and u does
not depend on b) such that
χ̂f(b) ∈
{
0, up
m+r
2 ξg(b)p
}
for all b ∈ Fpm, where g is a p-ary function over Fpm with g(b) = 0 for all b /∈ Supp(χ̂f);
otherwise, f is called non-weakly regular p-ary r-plateaued.
Notice that we have χ̂f(b) = 0 if b /∈ Supp(χ̂f). Then it is safe to say that f is regular r-
plateaued if χ̂f (b) = p
m+r
2 ξ
g(b)
p for all b ∈ Supp(χ̂f), and f is weakly regular r-plateaued
if there exists a complex number u having unit magnitude such that
χ̂f(b) = up
m+r
2 ξg(b)p (4)
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for all b ∈ Supp(χ̂f), where |u| = 1 (in fact, u can only be equal to ±1 or ±i and it does
not depend on b) and g is a p-ary function over Supp(χ̂f). By (3), regular r-plateaued
functions can only exist for even m+ r and for odd m+ r with p ≡ 1 (mod 4). We can
derive from (4) the following result.
Lemma 3. Let f be a weakly regular r-plateaued p-ary function. For all b ∈ Supp(χ̂f),
we can say χ̂f (b) = ǫ
√
p∗
m+r
ξ
g(b)
p , where ǫ = ±1 is the sign of χ̂f , p∗ denotes
(
−1
p
)
p
and g is a p-ary function over Supp(χ̂f).
Proof. By (2) and (3), using the fact that u does not depend on b in (4), we obtain
the following:
If m+ r is even or m+ r is odd and p ≡ 1 (mod 4), then
(
−1
p
)m+r
= 1 and u = ±1 in
(4). Hence, we have ǫ
√
p∗
m+r
= ǫ
√
1
√
pm+r = u
√
pm+r, where ǫ = ±1.
If m+ r is odd and p ≡ 3 (mod 4), then
(
−1
p
)
= −1 and u = ǫi in (4), where ǫ = ±1.
Hence, ǫ
√
p∗
m+r
= ǫ
√−1m+r√pm+r = ǫim+r√pm+r = ǫi√pm+r = u√pm+r. The result
now follows. ✷
Remark 1. Notice that the notion of (weakly) regular 0-plateaued functions coincides
with the one of (weakly) regular bent functions. Indeed, if we have |χ̂f(b)|2 ∈ {0, pm} for
all b ∈ Fpm, then by the Parseval identity, p2m = pm#Supp(χ̂f), and so, #Supp(χ̂f) =
pm. Hence, a (weakly) regular 0-plateaued function is the (weakly) regular bent.
By MAGMA, we obtain several (weakly) regular r-plateaued functions, two of which
are given as follows for p = n = 3.
Example 1. A function f(x) = Tr3
3
3 (ζ
5x11+ζ20x5+ζ11x4+ζ2x3+ζx2) where F⋆33 = 〈ζ〉
with ζ3 + 2ζ + 1 = 0 is regular 3-ary 1-plateaued with χ̂f (b) ∈ {0, 9ξg(b)3 }, where g is
an unbalanced 3-ary function.
Example 2. A function f(x) = Tr3
3
3 (ζx
13 + ζ7x4 + ζ7x3 + ζx2) where F⋆33 = 〈ζ〉 with
ζ3 + 2ζ + 1 = 0 is weakly regular 3-ary 1-plateaued with χ̂f (b) ∈ {0,−9ξg(b)3 }, where
g is an unbalanced 3-ary function. On the other hand, a function Tr3
3
3 (ζ
16x13 + ζ2x4 +
ζ2x3 + ζx2) is non-weakly regular 3-ary 2-plateaued.
The following lemma will be used to determine the weight distributions of the con-
structed linear codes.
Lemma 4. Let f be a weakly regular r-plateaued p-ary function, that is, for all b ∈
Supp(χ̂f) we have χ̂f (b) = up
m+r
2 ξ
g(b)
p , where |u| = 1. Then, we have
χ̂g(x) = u
−1p
m−r
2 ξf(−x)p .
Proof. By the inverse Walsh transform in (1), we have
u−1p
m+r
2 ξ
f(x)
p = u
−1p
m+r
2
1
pm
∑
b∈Fpm
χ̂f(b)ξ
Trp
m
p (bx)
p
= u−1p
m+r
2
1
pm
∑
b∈Supp(χ̂f)
up
m+r
2 ξg(b)p ξ
Trp
m
p (bx)
p
= pr
∑
b∈Supp(χ̂f)
ξg(b)+Tr
pm
p (bx)
p = p
rχ̂g(−x).
✷
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4 A new class of three-weight linear codes from weakly
regular plateaued functions
In this section, we construct a new class of linear codes with few weights from
plateaued functions in arbitrary characteristic and determine their weight distributions
(we shall analyse separately the binary case and the case when p is odd). For any
α, β ∈ Fpm, one can define a function
fα,β : Fpm −→ Fp
x 7−→ fα,β(x) := Trpmp (αΨ (x)− βx),
where Ψ is a polynomial from Fpm to Fpm such that Ψ (0) = 0. Then one can define a
linear code CΨ of length pm − 1 over Fp as:
CΨ := {c˜α,β = (fα,β(ζ1), fα,β(ζ2), . . . , fα,β(ζpm−1)) | α, β ∈ Fpm},
where ζ1, . . . , ζpm−1 are the elements of F
⋆
pm . In this context, the following main results
have been obtained in [10] by Mesnager.
Proposition 1. Let ψa be a function from Fpm to Fp defined by ψa(x) = Tr
pm
p (aΨ (x)),
where a ∈ Fpm and Ψ : Fpm → Fpm with Ψ (0) = 0. For all α, β ∈ Fpm, we have
wt(c˜α,β) = p
m − 1
p
∑
ω∈Fp
χ̂ψωα(ωβ).
We are going to consider a subclass of the class of linear codes CΨ . We assume a = 1
and α ∈ Fp. Then, we have fα,β(x) = αψ1(x)−Trpmp (βx) and define a subcode C of CΨ
as follows:
C := {c˜α,β = (fα,β(ζ1), fα,β(ζ2), . . . , fα,β(ζpm−1)) | α ∈ Fp, β ∈ Fpm}, (5)
where ζ1, . . . , ζpm−1 are the elements of F
⋆
pm. Then, a linear code C over Fp defined by
(5) is a k-dimensional subspace of Fnp , where k = m + 1 and n = p
m − 1, and it is
denoted by [pm− 1, m+1]p. By Proposition 1, the Hamming weights of the codewords
of C can be given as follows.
Proposition 2. We keep the above arguments. For c˜α,β ∈ C, if α = 0, we have
wt(c˜0,0) = 0 and wt(c˜0,β) = p
m − pm−1 for β 6= 0, if α ∈ F⋆p, for all β ∈ Fpm we
have
wt(c˜α,β) = p
m − pm−1 − 1
p
∑
ω∈F⋆p
σω
(
σα(χ̂ψ1(α
−1β))
)
,
where α−1 is the multiplicative inverse of α in F⋆p and σa is the automorphism of Q(ξp)
for a ∈ F⋆p.
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4.1 A new class of binary three-weight linear codes from plateaued
Boolean functions
In this subsection, we present a new class of binary linear codes with few weights
and their weight distributions using plateaued Boolean functions.
Let p = 2 and assume that ψ1(x) = Tr
2m
2 (Ψ (x)) is a r-plateaued Boolean function,
where m + r is even. For α ∈ F2 and β ∈ F2m , we compute the Hamming weights of
the codewords and weight distribution of C defined by (5). By Proposition 2, if α = 0,
we have wt(c˜0,0) = 0 and wt(c˜0,β) = 2
m−1 for β 6= 0, if α = 1 and β ∈ F2m , we have
wt(c˜1,β) = 2
m−1 − 1
2
χ̂ψ1(β). By Lemma 2, we have for all β ∈ F2m ,
wt(c˜1,β) =

2m−1 − 2m+r−22 , 2m−r−1 + 2m−r−22 times,
2m−1, 2m − 2m−r times,
2m−1 + 2
m+r−2
2 , 2m−r−1 − 2m−r−22 times.
We give in the following theorem the Hamming weights of the codewords and the weight
distribution of C.
Theorem 1. Let p = 2 and C be a binary linear [2m − 1, m + 1] code defined by (5).
Assume that ψ1 is a r-plateaued Boolean function, where m + r is even with 0 ≤ r ≤
m− 2 for 2 ≤ m. Then, the Hamming weight of codewords and the weight distribution
of C are as in Table 1.
Hamming weight w Multiplicity Aw
0 1
2m−1 2m+1 − 2m−r − 1
2m−1 − 2
m+r−2
2 2m−r−1 + 2
m−r−2
2
2m−1 + 2
m+r−2
2 2m−r−1 − 2
m−r−2
2
Table 1. Hamming weight and multiplicity in C when p = 2 and m+ r is even.
For m = 5, a 3-plateaued Boolean function and the corresponding binary linear code
are given.
Example 3. Let Ψ (x) = ζ18x5 + ζ2x3 be a mapping from F25 to F25 , where F
⋆
25 = 〈ζ〉
with ζ5 + ζ2 + 1 = 0. Then, ψ1(x) = Tr
25
2 (Ψ (x)) is the 3-plateaued Boolean function,
and so the set C in (5) is a binary three-wight linear code with parameters [31, 6],
weight enumerator 1 + 59y16 + 3y8 + 1y24 and weight distribution (1, 59, 3, 1).
4.2 A new class of three-weight linear p-ary codes from weakly regular
plateaued functions
In this subsection, we construct a new class of linear p-ary codes with few weights
from weakly regular plateaued p-ary functions and determine their weight distributions.
From now on, we assume that p is an odd prime and the function ψ1(x) = Tr
pm
p (Ψ (x)) is
weakly regular p-ary r-plateaued, where r is an integer with 0 ≤ r ≤ m and Ψ : Fpm →
Fpm with Ψ (0) = 0. Let C be a linear p-ary code defined by (5) whose codewords are
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denoted by c˜α,β. We first compute for all α ∈ Fp and β ∈ Fpm , the Hamming weights
of c˜α,β and next determine the weight distribution of C. By Proposition 2, if α = 0,
then we have wt(c˜0,0) = 0 and wt(c˜0,β) = p
m− pm−1 for β 6= 0. For α ∈ F⋆p, to compute
wt(c˜α,β), we need the following.
Lemma 5. Let f : Fpm → Fp be r-plateaued, where r is an integer with 0 ≤ r ≤ m.
Define the sets W := {(α, β) ∈ F⋆p × Fpm | χ̂f(α−1β) = 0} and
WS := {(α, β) ∈ F⋆p × Fpm | χ̂f(α−1β) 6= 0}.
Then, the cardinalities of W and WS are equal respectively to (p− 1)(pm − pm−r) and
(p− 1)pm−r.
Proof. By Lemma 1, we have #{β ∈ Fpm | χ̂f(β) = 0} = pm−pm−r and #Supp(χ̂f) =
pm−r, where Supp(χ̂f) = {β ∈ Fpm | χ̂f (β) 6= 0}. Hence, the result follows. ✷
For all α ∈ F⋆p and β ∈ Fpm, by Proposition 2, we have
wt(c˜α,β) = p
m − pm−1 − 1
p
∑
ω∈F⋆p
σω
(
σα(χ̂ψ1(α
−1β))
)
. (6)
Then there are two cases: χ̂ψ1(α
−1β) = 0 or 6= 0. If (α, β) ∈ W , i.e., χ̂ψ1(α−1β) = 0,
then we have wt(c˜α,β) = p
m − pm−1, that is, the number of codewords of Hamming
weight pm − pm−1 is equal to the cardinality of W by Lemma 5. If (α, β) ∈ WS, i.e.,
χ̂ψ1(α
−1β) 6= 0, to compute wt(c˜α,β) in (6), we use the following (see Lemma 3)
χ̂ψ1(α
−1β) = ǫ
√
p∗
m+r
ξg(α
−1β)
p ,
where ǫ = ±1, p∗ denotes
(
−1
p
)
p and g is a p-ary function over Supp(χ̂ψ1). Notice that
we have σα(
√
p∗
m+r
) = σα(
√
p∗)m+r =
(
α
p
)m+r√
p∗
m+r
, where σα is the automorphism
of Q(ξp) for α ∈ F⋆p. Then we get
σω (σα(χ̂ψ1(α
−1β))) = σω
(
ǫ
(
α
p
)m+r√
p∗
m+r
ξ
αg(α−1β)
p
)
=
ǫ
(
α
p
)m+r
σω(
√
p∗
m+r
)ξ
ωαg(α−1β)
p = ǫ
(
α
p
)m+r (
ω
p
)m+r√
p∗
m+r
ξ
ωαg(α−1β)
p ,
where σω is the automorphism of Q(ξp) for ω ∈ F⋆p. Notice that
(
a
p
)m+r
= 1 and
√
p∗
m+r
=
√
pm+r if m+ r is even; otherwise,
(
a
p
)m+r
=
(
a
p
)
for a ∈ F⋆p. Hence, by (6)
we have
wt(c˜α,β) =
pm − pm−1 − ǫ1p
(
α
p
)√
p∗
m+r∑
ω∈F⋆p
(
ω
p
)
ξ
ωαg(α−1β)
p , if m+ r odd,
pm − pm−1 − ǫpm+r2 −1∑ω∈F⋆p ξωαg(α−1β)p , if m+ r even.
We now investigate two cases. First, assume m+ r odd. If g(α−1β) = 0, then
wt(c˜α,β) = p
m − pm−1 − ǫ1
p
(
α
p
)√
p∗
m+r
∑
ω∈F⋆p
(
ω
p
)
= pm − pm−1,
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where we used
∑
ω∈F⋆p
(
ω
p
)
= 0. If g(α−1β) 6= 0, then we have
∑
ω∈F⋆p
(
ω
p
)
(ξωp )
αg(α−1β) = σαg(α−1β)
∑
ω∈F⋆p
(
ω
p
)
ξωp
 = σαg(α−1β)(√p∗) = (αg(α−1β)
p
)√
p∗,
where we used
∑
ω∈F⋆p
(ω
p
)ξωp =
√
p∗. Hence,
wt(c˜α,β) = p
m − pm−1 − ǫ1
p
√
p∗
m+r+1
(
α2
p
)(
g(α−1β)
p
)
= pm − pm−1 − ǫ1
p
(
−1
p
)m+r+1
2
p
m+r+1
2
(
g(α−1β)
p
)
= pm − pm−1 − ǫ (−1) (p−1)(m+r+1)4 pm+r−12
(
g(α−1β)
p
)
,
where we used
(
α
p
)(
α
p
)
=
(
α2
p
)
= 1, p∗ =
(
−1
p
)
p and
(
−1
p
)
= (−1) p−12 .
Now, assume m+ r even. If g(α−1β) = 0, then we have
wt(c˜α,β) = p
m − pm−1 − ǫpm+r−22 (p− 1);
otherwise, we have wt(c˜α,β) = p
m − pm−1 + ǫpm+r−22 because if g(α−1β) 6= 0, then∑
ω∈F⋆p
ξ
αωg(α−1β)
p = −1 since ∑p−1j=0 xj is the minimal polynomial of ξp over Q.
We now collect in the following theorem the Hamming weights of the codewords of C
defined by (5).
Theorem 2. Let C be a linear p-ary code defined by (5). Assume that ψ1 is weakly
regular p-ary r-plateaued. Then, for all α ∈ Fp and β ∈ Fpm, the Hamming weights of
c˜α,β are given as follows. For α = 0, we have wt(c˜0,0) = 0 and wt(c˜0,β) = p
m − pm−1
for β 6= 0. For α ∈ F⋆p and β ∈ Fpm, if (α, β) ∈ W , i.e., χ̂ψ1(α−1β) = 0, then we get
wt(c˜α,β) = p
m − pm−1, and if (α, β) ∈ WS , i.e., χ̂ψ1(α−1β) 6= 0, then
– when m+ r is odd,
wt(c˜α,β) =
{
pm − pm−1, if α ∈ F⋆p and g(α−1β) = 0,
pm − pm−1 − ǫ (−1) (p−1)(m+r+1)4 pm+r−12
(
g(α−1β)
p
)
, if α, g(α−1β) ∈ F⋆p,
– when m+ r is even,
wt(c˜α,β) =
{
pm − pm−1 − ǫ(p− 1)pm+r−22 , if α ∈ F⋆p and g(α−1β) = 0,
pm − pm−1 + ǫpm+r−22 , if α, g(α−1β) ∈ F⋆p,
where ǫ = ±1 is the sign of χ̂ψ1.
Now we are going to determine the weight distributions of the constructed codes given
in Theorem 2. To do this, we first give the following result. By Lemma 4, the Walsh
transform of g is written as
χ̂g(x) = ǫvp
m−r
2 ξψ1(−x)p ,
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where ǫ = ±1 denotes the sign of χ̂g and v ∈ {1, i} in C. By using this for x = 0, we
can compute the number of b ∈ Supp(χ̂ψ1) such that g(b) = j for all j ∈ Fp. Set
Ng(j) := #{b ∈ Supp(χ̂ψ1) | g(b) = j}.
Notice that g(b) = 0 for all b /∈ Supp(χ̂ψ1), and #Supp(χ̂ψ1) = pm−r. Hence, we have
p−1∑
j=0
Ng(j) = p
m−r. (7)
Remark 2. If g is balanced over Supp(χ̂ψ1), we have Ng(j) = p
m−r−1 for all j ∈ Fp.
We include the proof of the following proposition for making the paper self-contained
(see, e.g., [5,10]).
Proposition 3. We keep the above notations and assume that g is unbalanced over
Supp(χ̂ψ1). Then we have the following. If m− r is even, then
Ng(j) =
{
pm−r−1 + ǫp
m−r−2
2 (p− 1), j = 0,
pm−r−1 − ǫpm−r−22 , j ∈ F⋆p.
If m− r is odd, then
Ng(j) =
{
pm−r−1, j = 0,
pm−r−1 + ǫp
m−r−1
2
(
j
p
)
, j ∈ F⋆p,
where ǫ = ±1 is the sign of χ̂g.
Proof. Using the Walsh value of unbalanced g at point zero, then we have
χ̂g(0) =
∑
b∈Supp(χ̂ψ1)
ξg(b)p =
p−1∑
j=0
Ng(j)ξ
j
p = ǫvp
m−r
2 ξψ1(0)p
equivalently,
p−1∑
j=0
Ng(j)ξ
j
p − ǫvp
m−r
2 = 0. (8)
If m− r is even, then v = 1. Because∑p−1j=0 xj is the minimal polynomial of ξp over the
rational number field, then for all j ∈ F⋆p we have
Ng(j) = a, and Ng(0) = a+ ǫp
m−r
2
for some constant a. By (7), a + ǫp
m−r
2 + (p − 1)a = pm−r from which one deduces
a = pm−r−1 − ǫpm−r2 −1.
If m− r is odd, then v =
{
1, if p ≡ 1 (mod 4),
i, if p ≡ 3 (mod 4).
Recall the well-known identity (see, e.g.,[9])
p−1∑
j=0
(
j
p
)
ξjp =
{
p
1
2 ; if p ≡ 1 (mod 4),
ip
1
2 , if p ≡ 3 (mod 4),
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that is,
∑p−1
j=0
(
j
p
)
ξjp = vp
1
2 . Thus, (8) can be rewritten as
p−1∑
j=0
Ng(j)ξ
j
p − ǫp
m−r−1
2
p−1∑
j=0
(
j
p
)
ξjp = 0;
equivalently,
p−1∑
j=0
ξjp
(
Ng(j)− ǫpm−r−12
(
j
p
))
= 0.
Then for all j ∈ F⋆p, we have Ng(j) = Ng(0) + ǫp
m−r−1
2
(
j
p
)
. By (7), we obtain∑p−1
j=0 Ng(j) = pNg(0) + ǫp
m−r−1
2
∑p−1
j=0
(
j
p
)
= pm−r. Thus, since
∑p−1
j=0
(
j
p
)
= 0, the
proof is complete. ✷
We can derive from Remark 2 and Proposition 3 the weight distributions of the con-
structed codes.
Theorem 3. Let C be a linear p-ary code defined by (5). Assume that ψ1 is weakly
regular p-ary r-plateaued and m+ r is even with 0 ≤ r ≤ m− 2 for 2 ≤ m. Then, the
Hamming weights of codewords and the weight distributions of [pm − 1, m+ 1] code C
are as in Tables 2 and 3 if g is unbalanced and balanced over Supp(χ̂ψ1), respectively,
where ǫ = ±1 is the sign of χ̂ψ1.
Hamming weight w Multiplicity Aw
0 1
pm − pm−1 pm+1 − pm−r(p− 1)− 1
pm − pm−1 − ǫ(p− 1)p
m+r−2
2 pm−r−1(p− 1) + ǫp
m−r−2
2 (p− 1)2
pm − pm−1 + ǫp
m+r−2
2 (pm−r − pm−r−1)(p− 1)− ǫp
m−r−2
2 (p− 1)2
Table 2. Hamming weight and multiplicity in C when m+ r is even and p is odd for unbalanced g
Hamming weight w Multiplicity Aw
0 1
pm − pm−1 pm+1 − pm−r(p− 1)− 1
pm − pm−1 − ǫ(p− 1)p
m+r−2
2 pm−r−1(p− 1)
pm − pm−1 + ǫp
m+r−2
2
(
pm−r − pm−r−1
)
(p− 1)
Table 3. Hamming weight and multiplicity in C when m+ r is even and p is odd for balanced g
Proof. By Theorem 2, the numbers of codewords of Hamming weight 0 and of Ham-
ming weight pm− pm−1 are equal respectively to 1 and pm− 1+#W = pm+1 + pm−r −
pm−r+1−1. Now we are going to determine the weight distribution of C for (α, β) ∈ WS,
i.e., χ̂ψ1(α
−1β) 6= 0. Set
Ng(0) := #{γ ∈ Supp(χ̂ψ1) | g(γ) = 0},
Kg(0) := #{(α, β) ∈ F⋆p × Fpm | g(α−1β) = 0},
KSg := #{(α, β) ∈ F⋆p × Fpm | g(α−1β) 6= 0}.
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Notice that for all b /∈ Supp(χ̂ψ1), g(b) = 0 by definition of g and so, g(α−1β) = 0
for all (α, β) ∈ W . Hence, by Lemma 5, Kg(0) = #W + (p − 1)Ng(0) and KSg =
(p− 1)pm −Kg(0). Assume that g is unbalanced over Supp(χ̂ψ1). Then, since Ng(0) =
pm−r−1 + ǫp(m−r−2)/2(p− 1) by Proposition 3, we have
Kg(0) = #W + p
m−r−1(p− 1) + ǫpm−r−22 (p− 1)2,
and KSg = (p
m−r − pm−r−1)(p − 1) − ǫp(m−r−2)/2(p − 1)2. Hence, by Theorem 2, the
numbers of codewords of Hamming weight pm−pm−1− ǫ(p−1)p(m+r−2)/2 and of Ham-
ming weight pm − pm−1 + ǫp(m+r−2)/2 are equal to Kg(0)−#W and KSg, respectively.
Assume that g is balanced over Supp(χ̂ψ1). By Remark 2, Ng(0) = p
m−r−1, and so we
have Kg(0) = #W + p
m−r−1(p− 1) and KSg = (pm−r − pm−r−1) (p− 1). As in the first
case, the assertion holds. ✷
For p = 3 and m = 3, a weakly regular 3-ary 1-plateaued function and the correspond-
ing linear 3-ary code are given as follows.
Example 4. Let Ψ : F33 → F33 be a map defined by Ψ (x) = ζ22x13 + ζ7x4 + ζx2 where
F⋆33 = 〈ζ〉 with ζ3 + 2ζ + 1 = 0. A function ψ1(x) = Tr3
3
3 (Ψ (x)) is weakly regular
3-ary 1-plateaued with χ̂ψ1(b) ∈ {0,−9ξg(b)3 }, where g is an unbalanced 3-ary function.
Then, the set C in (5) is a three-wight linear 3-ary code with parameters [26, 4]3, weight
enumerator 1 + 62y18 + 2y24 + 16y15 and weight distribution (1, 62, 2, 16).
Theorem 4. Let C be a linear p-ary code defined by (5). Assume that ψ1 is weakly
regular p-ary r-plateaued and m + r is odd with 0 ≤ r ≤ m − 1. Then, the Hamming
weights of codewords and the weight distributions of [pm − 1, m + 1] code C are as in
Tables 4 and 5 if g is unbalanced and balanced over Supp(χ̂ψ1), respectively, where
ǫ = ±1 is the sign of χ̂ψ1.
Hamming weight w Multiplicity Aw
0 1
pm − pm−1 pm+1 − pm−r−1(p− 1)2 − 1
pm − pm−1 − ǫ (−1)
(p−1)(m+r+1)
4 p
m+r−1
2
1
2
(pm−r−1 + ǫp
m−r−1
2 )(p− 1)2
pm − pm−1 + ǫ (−1)
(p−1)(m+r+1)
4 p
m+r−1
2 1
2
(pm−r−1 − ǫp
m−r−1
2 )(p− 1)2
Table 4. Hamming weight and multiplicity in C when m+ r and p are odd for unbalanced g
Hamming weight w Multiplicity Aw
0 1
pm − pm−1 pm+1 − pm−r−1(p− 1)2 − 1
pm − pm−1 − ǫ (−1)
(p−1)(m+r+1)
4 p
m+r−1
2 1
2
pm−r−1(p− 1)2
pm − pm−1 + ǫ (−1)
(p−1)(m+r+1)
4 p
m+r−1
2 1
2
pm−r−1(p− 1)2
Table 5. Hamming weight and multiplicity in C when m+ r and p are odd for balanced g
Proof. Set Ng(j) := #{γ ∈ Supp(χ̂ψ1) | g(γ) = j} and Kg(j) := #{(α, β) ∈ F⋆p ×
Fpm | g(α−1β) = j} for all j ∈ Fp. Notice that for all b /∈ Supp(χ̂ψ1), g(b) = 0 by
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definition of g and so, g(α−1β) = 0 for all (α, β) ∈ W . Then, by Lemma 5, Kg(0) =
#W + (p− 1)Ng(0) where Ng(0) = pm−r−1 (see Remark 2 and Proposition 3). Hence,
by Theorem 2, the number of codewords of Hamming weight pm − pm−1 is equal to
pm−1+Kg(0) = pm+1+2pm−r−pm−r+1−pm−r−1−1.Moreover, the number of codewords
of Hamming weight pm−pm−1−ǫ (−1)(p−1)(m+r+1)/4 p(m+r−1)/2 and of Hamming weight
pm−pm−1+ǫ (−1)(p−1)(m+r+1)/4 p(m+r−1)/2 is equal respectively to∑j∈{1,...,p−1},( jp)=1(p−
1)Ng(j) and
∑
j∈{1,...,p−1},( jp)=−1
(p − 1)Ng(j). If g is unbalanced, then by Proposition
3, ∑
j∈{1,...,p−1},( jp)=1
(p− 1)Ng(j) =
∑
j∈{1,...,p−1},( jp)=1
(p− 1)(pm−r−1 + ǫpm−r−12 )
= (p−1)
2
2
(pm−r−1 + ǫp
m−r−1
2 )
and ∑
j∈{1,...,p−1},( jp)=−1
(p− 1)Ng(j) =
∑
j∈{1,...,p−1},( jp)=−1
(p− 1)(pm−r−1 − ǫpm−r−12 )
= (p−1)
2
2
(pm−r−1 − ǫpm−r−12 ).
If g is balanced then by Remark 2,
∑
j∈{1,...,p−1},( jp)=1
(p− 1)Ng(j) = (p− 1)
2
2
pm−r−1 and
∑
j∈{1,...,p−1},( jp)=−1
(p− 1)Ng(j) = (p− 1)
2
2
pm−r−1. The proof is complete. ✷
Remark 3. We finally should remark that if we assume only the weakly regular bentness
in this paper, then we can recover the results given in [10] by Mesnager. Therefore, this
paper can be viewed as an extension of [10] to the notion of weakly regular r-plateaued
functions for any positive integer r.
5 The constructed three-weight linear codes for secret
sharing schemes
In this section, we consider our linear codes presented in Section 4 for secret sharing
schemes. A linear code provides a pair of secret sharing schemes, based on a linear code
C and its dual code C⊥. For the secret sharing scheme based on the dual code C⊥, we
need to find all minimal codewords of C. We say that a vector a˜ covers a vector b˜
if supp(b˜) ⊂ supp(a˜). Then, if a nonzero codeword a˜ of C does not cover any other
nonzero codeword of C, then a˜ is called minimal codeword of C. The covering problem
is to find all the minimal codewords of C. In general, this problem is very hard, but it
can be easy for some linear codes. Then the main question is how to find a linear code
whose all nonzero codewords are minimal. For more details, we send the reader to [4].
Lemma 6. [1] Let C be a linear code over Fp. Every nonzero codeword of C is minimal
if p−1
p
< wmin
wmax
, where wmin and wmax denote the minimum and maximum nonzero
weights in C, respectively.
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We now consider the constructed linear codes in Theorems 1, 3 and 4. Let C be
the binary linear code of Theorem 1 and m + r be even. Then we readily see that
1
2
< wmin
wmax
, where wmin = 2
m−1 − 2(m+r−2)/2 and wmax = 2m−1 + 2(m+r−2)/2 since we
have 3 · 2(m+r)/2 < 2m for m ≥ 4 and 0 ≤ r ≤ m− 4. Hence, by Lemma 6, all nonzero
codewords of C given in Theorem 1 are minimal if m ≥ 4 and 0 ≤ r ≤ m− 4.
Let p be any odd prime, m+ r be even and C be the linear p-ary code of Theorem 3. If
ǫ = 1, we have wmin = p
m−pm−1−(p−1)p(m+r−2)/2 and wmax = pm−pm−1+p(m+r−2)/2.
If ǫ = −1, then wmin = pm−pm−1−p(m+r−2)/2 and wmax = pm−pm−1+(p−1)p(m+r−2)/2.
For both cases, we see that p−1
p
< wmin
wmax
for m ≥ 4 and 0 ≤ r ≤ m − 4 since we have
(p+ 1)p(m+r)/2 < pm if ǫ = 1 and (p2− p+1)p(m+r)/2 < pm(p− 1) if ǫ = −1. Hence, by
Lemma 6, all nonzero codewords of C given in Theorem 3 are minimal if m ≥ 4 and
0 ≤ r ≤ m− 4.
Let p be any odd prime, m + r be odd and C be the linear p-ary code of Theorem
4. Then we see that p−1
p
< wmin
wmax
, where wmin = p
m − pm−1 − p(m+r−1)/2 and wmax =
pm − pm−1 + p(m+r−1)/2 since we have (2p − 1)p(m+r+1)/2 < pm(p − 1) for m ≥ 3 and
0 ≤ r ≤ m − 3. Hence, by Lemma 6, all nonzero codewords of C given in Theorem 4
are minimal if m ≥ 3 and 0 ≤ r ≤ m− 3.
6 Conclusion
The paper studies for the first time constructions of linear codes with few weights
from weakly regular plateaued functions. We first present a new family of binary three-
weight linear codes from plateaued Boolean functions and their weight distributions. In
odd characteristic p, we introduce the notion of (weakly) regular plateaued functions
and give concrete examples of these functions. We next present a new family of three-
weight linear p-ary codes from weakly regular plateaued functions, and their weight
distributions. We finally analyse the constructed linear codes in this paper for secret
sharing schemes. The constructed linear codes are inequivalent to the known ones (since
there is no code with the obtained parameters) in literature as far as we know.
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